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Introduction
The relevance of Lie groups in physics is a well established fact: They appear both in classical and in quantum problems. In this context an important role is played by the Haar measure, which is needed e.g. for the construction of a consistent path integral in lattice gauge theories [1] . In any case, it is useful to have a simple parametrization of a Lie group, which allows to explicitly write down the group elements and to compute the Haar measure.
At least for semi-simple Lie groups that can be easily done locally. However, the difficulties arise when one needs to explicitly determine the global range of the angles, fixing them in such a way that the whole group manifold is covered, preferably exactly once. A parametrization which yields a simple form for the Haar measure and at the same time allows a simple determination of the range for the angles can become crucial for numerical computations, e.g. in lattice gauge theories or in random matrix models. For unitary groups such a parametrization has been constructed in [2] , generalizing the "Euler angle parametrization" for SU (2) .
In this paper we provide an analogous simple parametrization for the exceptional Lie group G 2 . We start by showing how a simple matrix realization of the algebra can be obtained starting from the octonions. Then a proposal for a representation of the group elements, based on the previous construction and emphasizing the SO(4) subgroup embedded in G 2 , is given and it is proven to cover the whole group.
After computing the left-invariant currents in a way that respects the structure of the fibration, the infinitesimal invariant measure is determined with a suitable normalization. We then use topological tools and symmetry arguments to determine the correct range of the parameters. As a by-product we obtain a parametrization and an Einstein metric for the eight-dimensional variety of quaternionic subalgebras of octonions.
Motivations for considering models with G 2 symmetries are provided by different physical systems, for example they arise in the study of deconfinement phase transitions [3] , in random matrix models [4] or in the new matrix models related to D−brane physics [5] .
The G algebra
The octonions O are an eight-dimensional real algebra whose generic element a is a pair of quaternions (α 1 , α 2 ) with the following multiplication rules: (α 1 , α 2 ) · (β 1 , β 2 ) = (α 1 β 1 −β 2 α 2 , β 2 α 1 + α 2β1 ).
(2.1)
Here (α 1 , α 2 ), (β 1 , β 2 ) are generic octonions. This algebra comes naturally equipped with an involution called conjugation
Denoting by 1, i, j, k the usual basis of the quaternions yields the following canonical basis for the algebra O e 0 = (1, 0), e 1 = (i, 0), e 2 = (j, 0), e 3 = (k, 0), e 4 = (0, 1), e 5 = (0, i), e 6 = (0, j), e 7 = (0, k).
Using this basis it follows easily that the subspace H spanned by (1, e 1 , e 2 , e 3 ) is in fact a quaternionic subalgebra that we call the canonical quaternionic subalgebra. Moreover we can consider O as a two-dimensional module over H, i.e. every octonion z can be decomposed as z = x + ye 4 , where x, y are suitable quaternions. The octonions, together with R, C and H, are the only normed division algebras. The norm is induced by the standard Euclidean structure of the underlying real vector space. They are neither commutative nor associative, but they are alternative, i.e. any subalgebra generated by two octonions is associative. This weak form of associativity implies the Moufang identities [6] , which are multiplication laws among octonions and will prove very useful in the following:
(ax)(ya) = a(xy)a, a(x(ay)) = (axa)y, y(a(xa)) = y(axa).
2)
The relevance of the octonions in mathematics is due to their deep connection with the exceptional Lie groups ( [7] and references therein). We are interested in the group G 2 . In this case the link is easy to understand: G 2 is the automorphism group of the octonions. For every octonion a we denote by l a the left multiplication l a (x) = ax. Under suitable hypothesis the composition of left multiplications generates elements of G 2 . In fact it holds
. . . l an , where a 1 , . . . , a n are unitary purely imaginary octonions. If
Proof We have to show that g(x)g(y) = g(xy) for all x, y ∈ O. To this end we prove by induction on n that
where b = (. . . (a 1 a 2 ) . . .)a n . For the moment we avoid the hypothesis g(1) = 1.
If n = 1 we have (ax)(ay) = −a 2 ((ax)(ay)) = −a((a(ax)a)y) = a((xa)y),
where the first equality holds because a is purely imaginary and the others by the Moufang identities. Now we suppose the statement is true for n. So we have
which is the equation (2.3), if we replace g by g l a and b by ba. Finally, to complete the proof we have to show that b = (. . . (a 1 a 2 ) . . .)a n = 1. So, applying the operator l an . . . l a1 to both members of the equation 1 = g(1) = a 1 (. . . (a n−1 a n ) . . .) gives us a n (a n−1 (. . . (a 2 a 1 ) . . .)) = (−1) n , and then by conjugation we obtain (−1) n (. . . (a 1 a 2 ) . . .)a n = (−1)
n which implies b = 1.
We can get some interesting subgroups of G 2 by imposing additional conditions on g. If we add the hypothesis g(e 1 ) = e 1 we obtain a SU (3) subgroup denoted in the following by P . Moreover, imposing also g(e 2 ) = e 2 , the resulting subgroup is a copy of SU (2), which we call S.
In order to write down generalized Eulerian co-ordinates we need to describe the embedding of SO(4) in G 2 [8] .
To this end we identify as usual SU (2) with the 3-sphere of unitary quaternions and we consider the following homomorphism:
where γ ab (x + ye 4 ) = axā + (byā)e 4 . Using the Moufang identities it is not hard to check that γ ab is truly an octonion automorphism. Fixing a = 1 provides us with the embedding γ 1b of SU (2) in G 2 , whose image is the subgroup S. On the other hand the image of the embedding γ a1 is a SU (2), which we denote by Σ and which is not conjugate to S. The map γ is not injective and its kernel is the subgroup Z 2 = {(1, 1), (−1, −1)}. By the homomorphism theorem the image of the map γ in G 2 is isomorphic to
, which is SO(4) as well known. In the following sections we will refer to the image of γ simply as SO(4).
The homogeneous space H = G 2 /SO(4) is the eight-dimensional variety of the quaternionic subalgebras of O. G 2 acts transitively on H and the stabilizer of H is the image of γ [8] . Then we have the fibration
The characterization of G 2 given in proposition 1 is useful in particular to find a basis of the Lie algebra Lie(G 2 ). Actually, let us take an element of G 2 of the form g abc = −l (cb)a l a l b l c , where (cb)a, a, b, c are unitary and purely imaginary (i.e. a +ā = 0). Notice that the choice of −(cb)a guarantees g abc 1 = 1. The condition that (cb)a be purely imaginary amounts to (cb) ⊥ a.
Consider now a path g atbc = −l (cb)at l at l b l c where a t = c cos(t) + a sin(t) and with the additional requirements b ⊥ c, b ⊥ a and a ⊥ c.
By
g abc (t) is an element of Lie(G 2 ). With suitable choices of the elements a, b and c among the elements of the canonical basis of O we can find a basis of this algebra. The representative matrices, written below with respect to the canonical basis, are normalized with the condition T r{C I C J } = −4δ IJ . We remark that they are seven-dimensional because of the trivial action on the real unity. Among that matrices we can recognize the Lie algebras corresponding to the subgroups of G 2 mentioned above. The first eight matrices generate Lie(P ) and they are reminiscent of the GellMann matrices. Moreover, the matrices {C 1 , C 2 , C 3 } generate Lie(S), which we will call s for sake of brevity, and finally {C 8 , C 9 , C 10 } generate Lie(Σ), which we will denote by σ.
Since the elements C 5 and C 11 commute, they generate a Cartan subalgebra t of Lie(G 2 ). Notice that the commutators among the basis of s, σ and t generate the whole basis of Lie(G 2 ). Our previous observations lead us to the conjecture that a good parametrization for the generic element g ∈ G 2 can be defined by
a8C5 U (a 9 , a 10 , a 11 ; a 12 , a 13 , a 14 ), (2.5) where S(x, y, z) := e xC3 e yC2 e zC3 , (2.6)
In this paper we prove that this is in fact a good parametrization for G 2 , which could be used to determine a simple form for the Haar measure on the group. In order to achieve this we will first determine the corresponding invariant metric and then compute the range of the parameters a 1 , a 2 , . . . , a 14 .
The invariant metric for G 2
In order to compute the invariant metric over the group manifold of G 2 we will first show how our parametrization (2.5) is related to the fibration described in the previous section. It is well known that for a simple group, and therefore in particular for G 2 , the invariant metric is uniquely defined (up to a normalization constant) by the Killing form over the algebra. More precisely, the Killing form defines a metric (and a Lebesgue measure) over the tangent space to the identity, which can then be pulled back via the left (or right) action of the group on itself. If f IJ K are the structure constants of the algebra, then the Killing metric has components
where k is a normalization constant. In our case we find K IJ = 16kδ IJ , which suggests to choose k = 1 16 conveniently in such a way that the generators {C I } 14 I=1 are orthonormal: (C I , C J ) = δ IJ . The right action of the group on itself defines vector fields in the tangent bundle. Their duals (defined using the pullback of the Killing form ) are left-invariant 1-forms and provide a trivialization of the cotangent bundle. In a coordinate patch g = g(X I ) the left-invariant (or right-invariant) forms can be expressed as 2) so that the invariant metric is
Therefore, if we define the matrix J = {J I K } with components J I = J I K dX K and remember our normalization, we find for the components of the metric
This means that the right currents define a 14-bein over the group manifold of G 2 . In particular the Haar measure is then
where J ∧i denotes the i-th external power. At this point we use our parametrization (2.5), which we rewrite in the form a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , a 8 )U (a 9 , a 10 , a 11 ; a 12 , a 13 , a 14 ) .
(3.6)
Note that U parametrizes a subgroup, while this is not the case for h. We can express the currents associated to the elements U and h respectively as
where A = {1, 2, 3, 8, 9, 10}. Note that for J U we have chosen the left currents. This is because from the orthonormality condition it follows that
This is exactly the form of the metric we were searching for: on the one hand it shows explicitly the separation between the base and the fiber and if we keep the coordinates (a 1 , a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , a 8 ) fixed, it reduces to the metric on the fiber. On the other hand the term i / ∈A J i h 2 corresponds to the acht-beinJ h obtained after projecting the currents J h orthogonally to the fiber, and therefore it has to coincide with the metric on the base. This decomposition greatly simplifies the explicit computation of the metric, the main task being the computation of J h . In order to determine J U remember that U (x, y, z; X, Y, Z) := S(x, y, z)Σ(X, Y, Z) and that S and Σ commute, so that in terms of J S := dSS −1 and J Σ := dΣΣ −1 one has J U = J S + J Σ with
Using Mathematica we have found for the currents J h the expressions written in the Appendix B.
We are now able to compute the Haar measure. In fact, ifJ h is the 8 × 8 matrix given by the acht-beinJ h and J S , J Σ are the 3 × 3 matrices associated to the drei-bein J S and J Σ respectively, then det(J) = det(J h ) det(J S ) det(J Σ ) so that
where dµ is the volume form which defines the measure |dµ| and
This, however, is not the end of the story. We need in fact to determine the range of the parameters which covers the whole group G 2 , apart from a subset of vanishing measure. To this end we will use a topological argument.
The range of the parameters
Before entering into more details, let us explain our strategy. Looking at the measure (3.10) one immediately sees that for some values of the parameters it is singular, i.e. it vanishes. This happens e.g. for certain values of the angles a 2 , a 5 , a 7 , a 8 , a 10 , a 13 . Let's suppose we choose the range for these parameters in such a way that it delimits a region where dµ is of definite sign and vanishes on the boundary. Then the other angles can take any value. Let us choose them in such a way that each of them goes around a closed orbit exactly once. In this way we describe a 14-dimensional closed cycle V which represents an element of the homology group [V ] ∈ H 14 (G 2 , Z). 1 Here we recall that, in the sense of rational homology, G 2 is equivalent to the product of two spheres of dimensions 3 and 11:
, where λ is some normalization constant. Thus we can interpret V as [V ] = λ{m[S 3 ] ∪ n[S 11 ]}, m and n being integers. Observe also that G 2 is connected and therefore it will be covered by V . On the other hand the Haar measure µ determines a cohomology class µ := [dµ] ∈ H 14 (G 2 , R), so that via the Hodge duality B :
for every 14-dimensional cycle. In particular the normalized measure
defines an integer valued topological class which counts the number of times the cycle W wraps G 2 . In particular we see that B(τ, [V ]) = m · n. In other words τ computes the degree of the map V → G 2 . Once this is known, all we need to do is to find the discrete symmetries which allow us to restrict the range of parameters until we obtain a covering space of degree 1.
We are now going to enter into more details and compute τ in three steps.
The evaluation of B(µ, G 2 )
There is a simple way to compute the total volume of a connected simple Lie group, described by Macdonald in [9] . It works as follows. If G is the group, g the associated algebra, t the Cartan subalgebra, and t Z the integer lattice generated in t by the simple roots, then T = t/t Z is a torus with the same dimension as t. Let α > 0 denote the positive roots and |α| their length. Then from Hopf theorem, G is homologically the product of odd-dimensional spheres:
ni , where n i is the number of times the given sphere appears. Let V ol(S 2i+1 ) = 2π i+1 /i! be the volume of the unit sphere and V ol(T ) be the volume of the torus computed using the measure induced by the Lebesgue measure on the algebra. Then the whole volume determined via the pullback of the Lebesgue measure on the algebra is
(4.
3)
The roots of G 2 computed with our choice for the algebra and the normalization, are shown in the Appendix C. From the figure we see that there are three roots of length 2 and three of length
. The torus associated to the simple roots α 1 and α 2 is generated by the coroots H 1 and H 2 .
Remembering the relations |H| = 2/|α|, we find V ol(T ) = √ 3 2 . Since S 3 and S 11 are the odd spheres which generate the rational homology of G 2 , we obtain the desired result
We are now ready for the next step.
The construction of the cycle V
Let us look at (2.5): to determine a closed cycle we first observe that for each one of the two SU (2) subgroups S and Σ it is possible to choose the range of the parameters in such a way as to cover the whole 3−sphere. The method to do this is well-known and here we give only the final result:
To complete the cycle we need to determine the range for a 7 and a 8 in such a way that dµ has a definite sign. This can be done by solving the inequality f (x, y) > 0. This yields a tiling of the fundamental region
as we show in the Appendix D. There, we also prove that every region of the tiling gives the same (absolute value) contribution to the measure. The cycle V is then obtained by choosing any one of these regions, for example the one denoted by B in the figure.
The evaluation of τ and the range for G 2
We can now evaluate the degree of the map V :→ G 2 . Using the previous results (4.5) for the range of the parameters, (3.10) for dµ and (4.4) for V ol(G 2 ), we easily find B(τ, V ) = 16. Therefore, our next task is to understand the origin of this factor.
A factor 4 can be easily accounted for in the following way. We have built the cycle V starting from the closed submanifolds S and Σ corresponding to the two SU (2) immersions. Thus, naively, we would expect to find a SU (2) × SU (2) submanifold embedded in G 2 . But a direct inspection shows that this is not exactly true. In fact, varying for example a 1 ∈ [0, 2π] provides a double covering of the six-dimensional submanifold obtained by taking a 1 ∈ [0, π] and a 2 , . . . , a 6 as in (4.5) . This is because the image of SU (2) × SU (2) in G 2 is SO(4) = (SU (2) × SU (2))/Z 2 , as previously remarked in Section 2.
Similarly, we must reduce the range of a 12 to a 12 ∈ [0, π]. The new cycle we obtain in this way wraps G 2 four times. Now, let us consider the torus T (a 7 , a 8 ) := e √ 3a7C11 e a8C5 . We need to determine the group of 7 × 7 orthogonal matrices A (A −1 = A T ), i.e. the subgroup of SO(4), which leaves T (a 7 , a 8 ) invariant under the adjoint action for any value of the parameters a 7 , a 8 .
It turns out that it is a finite group generated by the idempotent matrices ω (ω = ω −1 ) and 
Considering the action of ω one finds g = U (a 4 , a 5 , a 6 ; a 1 , a 2 , a 3 )T (a 7 , a 8 )U (a 9 , a 10 , a 11 ; a 12 , a 13 , a 14 )
= U (a 4 , a 5 , a 6 ; a 1 , a 2 , a 3 )ωT (a 7 , a 8 )ωU (a 9 , a 10 , a 11 ; a 12 , a 13 , a 14 ) = U (a 4 , a 5 , a 6 + π 2 ; a 1 , a 2 , a 3 + π 2 )T (a 7 , a 8 )U (a 9 + π 2 , a 10 , a 11 ; a 12 + π 2 , a 13 , a 14 ). (4.9) Therefore, we can restrict for example 0 ≤ a 3 < π 2 . Analogously, let us now look at the symmetry generated by η: a 4 , a 5 , a 6 ; a 1 , a 2 , a 3 )T (a 7 , a 8 )U (a 9 , a 10 , a 11 ; a 12 , a 13 , a 14 )  = U (a 4 , a 5 , a 6 ; a 1 , a 2 , a 3 )ηT (a 7 , a 8 )ηU (a 9 , a 10 , a 11 ; a 12 , a 13 , a 14 ) , (4.10) and restrict our attention to the factor ηU on the right. (Similar relations are true for the factor on the left.) A direct computation using the explicit expression of the matrices shows that the left action of η on U is equivalent to the shift
The analysis is more complicated than for the action of ω, because now some of the parameters are mapped to values which are outside of the range (4.5) we have fixed. For example, a 10 +
. Therefore, we need to use other equivalence relations to map the angles back to the original region (4.5).
In fact, the following symmetries hold for S and Σ:
These are the known symmetries which have been used to determine (4.5) in the first place. Thus the action (4.11) of η is equivalent to
where now a 10 and a 13 stay inside the allowed intervals. The next point to notice is that for the remaining parameters it is possible to use similarity relations which don't involve a 10 and a 13 , as for example and similar symmetries. Moreover, η is a linear transformation, so that it is enough to restrict the range of one of the angles. Therefore, luckily, we actually do not need to know the action of η on the whole set of parameters. The solution of our problem simply consists in restricting the range of either a 10 or a 13 in the SO(4) factor U (a 9 , a 10 , a 11 ; a 12 , a 13 , a 14 ) on the right. Alternatively, the same result can be achieved by restricting the range of either a 2 or a 5 in the factor U (a 4 , a 5 , a 6 ; a 1 , a 2 , a 3 ) on the left. Since we prefer a parametrization which respects the fibration described in Section 2 and we want the angles a 9 , . . . , a 14 to span the whole fiber U (a 9 , . . . , a 14 ), we choose the second option and restrict the range of a 5 . Finally, we can summarize our results for the range of the angles describing G 2 :
Conclusions
We have found a parametrization of the G 2 group with a one to one correspondence between the range of parameters and a full measure subset of the group. In particular, this has allowed us to obtain a quite simple expression for the Haar measure, which should make numerical computations involving the geometry of G 2 much easier, for example in lattice gauge theories or in random matrix models. However, note that to find an Haar measure on the group we would not have actually needed the last step of the work, i.e. the determination of the correct range of the parameters which yields a map of degree 1.
In fact, if dµ indicates the measure over the cycle V , it is possible to simply get an Haar measure dμ over the group manifold of G 2 by just taking
16 being the degree of the map V −→ G 2 .
On the other hand the determination of the correct range of parameters, which covers the whole G 2 wrapping it exactly once except for a subset of vanishing measure, provides a new important result, since it determines also a parametrization of the quotient group H = G 2 /SO(4), the space of quaternionic subalgebras of octonions.
Moreover, we have also computed the metric of such a space A Commutators 
C 11 −C 10 C 9 0 0 C 11 C 12 −C 9 −C 10 0 0
C 13 − C 6 C 5 − 
C The root system
Here we show the roots computed using C 5 and C 11 normalized to 1. The long roots have length 2 and the short ones have length 2/ √ 3.
• 
( Here we show a plot of the fundamental region for the variables a 7 and a 8 , which is determined by the condition f (x, y) > 0. We see that we obtain a tiling of the torus in 24 triangles, over which the sign of the measure alternates, starting e.g. with a positive sign in the region B.
y 
E A metric for H
Here we give the expression for the metric on H induced by the metric on G 2 , and show that it is an Einstein metric. Let us introduce the 1-forms
